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ABSTRACT 

By  a  reformulation  of  some  classical  results  on  chain  sequences, 
necessary  and  sufficient  conditions  are  obtained  for  each  function 
F(z)  =  z/1  +  a^z^yi  +  a^z*yi  +  ...  ,  where  |a^|  <  k^,  n  =  1,  2,  ... 
and  {k^}  is  a  fixed  chain  sequence,  to  be  univalent  in  the  unit  disk. 

This  extends  results  of  Thale,  Perron  (of.,  O.  Perron,  Die  Lehre  von  den 
Kettenbruchen,  vol.  2,  Stuttgart,  1957,  p.  148),  and  others.  In  addition, 
estimates  of  the  starlike  radius  of  the  functions  F(z)  are  found.  The 
second  application  relates  chain  sequences  to  the  radii  of  univalence  and 
of  starlikeness  of  a  class  of  functions  f(z)  where  the  ratio  zf'(z)/f(z) 
has  a  certain  type  of  C -fraction  expansion.  As  an  illustration  of  the  result, 
the  question  of  univalence  and  starlikeness  of  suitably  nomialized  Bessel 


functions  is  considered. 


TWO  APPLICATIONS  OF  CHAIN  SEQUENCES  TO  UNIVALENCE 


T.  L.  Hayden  and  E.  P.  Meiices 


00 

1.  Introduction.  A  sequence  of  real  numbers  k  =  {k  }  , 

■■■"■  n  n=l 

for  which  there  exist  g  , ,  0  <  g  ,  <  1 ,  such  that  k  =  g  ( 1  -  g  , ) 

n-i  —  n-i  —  n  n  n-l 

for  n  =  1,  2,  ...  is  called  a  chain  sequence  and  the  numbers  g^  ^  are 

the  parameters  of  the  sequence.  In  general,  a  chain  sequence  does  not 

uniquely  determine  its  parameters.  However,  Wall  [15,  p.  80]  proves 

the  existence  of  minimal  and  maximal  parameter  sequences, 

and  IM  }  „  respectively,  such  that  m  <  g  <  M  ,  n  *  0,  1,  2,  ...  , 

n  n=0  n—  n—n  >  f  >  > 

oo 

for  every  parameter  sequence  •  Throughout  this  paper,  the 

maximal  parameter  sequence  is  a  judicious  choice,  although  not  a  necessary 
one  unless  so  stated,  in  the  application  of  the  results. 

The  concept  of  a  chain  sequence  was  initiated  by  Pringshelm  and 
Van  Vleck  in  connection  with  the  question  of  convergence  of  certain  continued 
fractions.  In  §2  of  this  paper,  these  and  subsequent  results  on  chain 
sequences  have  been  reformulated  in  a  manner  suitable  for  the  particular 
applications  presented  here.  The  first  of  these  applications  extends  some 
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recent  results  on  univalence  of  Scott  and  Merkes  [7]  to  a  wider  class 
of  functions.  In  addition,  earlier  theorems  on  the  starlikeness  of  these 
functions  are  extended  and.  In  some  cases,  Improved.  The  second 
application  is  devoted  to  the  univalence  and  starlikeness  of  a  class 
of  functions  which  is  defined  from  the  C-fractlon  expansion  of 
the  ratio  zf'(z)/f(z)  .  The  results  obtained  provide  a  simple  numerical 
and  theoretical  method  to  estimate  the  radii  of  univalence  and  of  starlike¬ 
ness  of  the  class.  An  application  is  made  in  §7  to  the  Bessel  functions 
and  some  recent  results  on  this  topic  [1,  2,  3]  are  extended  and  Improved. 
Moreover,  it  is  easy  to  apply  the  method  to  certain  function  allied  to  the 
hypergeometric  functions  by  utilizing  the  continued  fraction  of  Gauss. 
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2.  A  class  of  bounded  continued  fractions.  Let  X.  =  iX  )  , 

-  n  n=l 

be  a  sequence  of  complex  numbers  such  that  X  =0  Implies 


X  =0  for  p  =  1,  2,  ...  .  The  continued  fraction 
n  +  p 


(2.1) 


1_ 

1  + 


+ 


+ 


f 


associated  with  X  ,  is  said  to  be  in  the  class  B  provided  there  is  a  real 
number  R  >  1  such  that,  for  n  =  1,  2,  ...  ,  the  values  of  the  terminating 
continued  fraction 


(2.2) 


1  + 


+ 


+ 


n 


areinthedisk  |w|  <  R  whenever  lx'jl<lxJ  ,  j  =  1, 2,  ...  .  This 
definition  relates  the  sequence  X  to  certain  chain  sequences.  First, 
it  is  convenient  to  have  the  following  elementary  result. 

LEMMA  2. 1  ,  Let  A  and  g  <  1  be  positive  numbers.  For  all 
X  in  the  disk  I X  I  <  A  ,  the  values  of  s  from  the  transformation 
s  =1/(1-Xt)  lie  in  the  disk  |s|  <  1/g  if  and  only  if  the  values  of 


t  are  in  It  1  <  (1  -  g)  /A  . 
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Proof.  Clearly  Is  I  <  1/g  if  and  only  if  |l-  X.  t|  >  g  •  Since 
ll-Xtl  >l-|t||xl  >  I-aUI  ,  the  sufficiency  follows.  If  t=pe^^, 

where  p>  (l-g)/A,  let  X  =  re’^*^  where  (l-g)/p<  r  <  A.  Then 
l-Xt=l-rp<g  so  that  I  s  I  >  1/g  . 

THEOREM  2. 1  .  The  terminating  continued  fraction 

T  +  T  +  T  +  •••  +  1"  ’  X^  0,  j  =1,  2,  ...,n  , 

is  in  B  if  and  only  if  there  exists  real  numbers  such  that 

0  <  g^  <  1  ^  J  =  0, 1,  ,  n-1  ,  0  <  Qjj  £  1  »  and 

(2.4)  IXjl  <gj(l-gj_j)»  J=l,  2,  ...,n  . 

A  non -terminating  continued  fraction  (2.1)  is  in  B  if  and  only  if  there  exist 
00 

real  numbers  ig,}.  n  such  that  0  <  g  <1  and  (2.4)  holds  for  all 


positive  integers  n  . 
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Proof.  Suppose  (2.3)  is  In  B .  There  exists  an  R>1  such  that 
(2.2)  is  in  the  disk  Iwl  <R  whenever  |x,*J  <  1x^1,  j=l,  2,  ...,n. 
For  each  such  sequence  X*  =  {X'  }  ,  define  w  =1  and 


(2.5) 


_  1 

“  1  +  X|j 


j  =  1,  2,  ... ,  n  . 


Put  =  1/R.  Then  0  <  9q  5  1  and  Iw^l  <  l/g^  .  Assume  that  for  all 

admissable  sequences  X'  and  for  a  fixed  positive  integer  j  <  n  , 

there  exists  a  values  of  in 

(2.5)  are  in  the  disk  |w|  <  1/g^  By  (2. 5)  and  Lemma  2.1,  the 

values  of  are  always  in  Iw^l  £  (1  -  9^  j)/IXj|  .  Since  w^=  1  (when 

X'j  ^  ^  =  0  )  must  be  in  this  disk,  g^  ^  <  1  and  1x^1  £  1  -  9^  ^  .  Set 

9^  =  IXj|/(l-gj  ^)  .  Then  0  <  g^  £  1  .  The  necessity  part  of  the  first 

statement  in  the  theorem  now  follows  by  induction. 

Conversely,  let  the  partial  numerators  of  (  2.  3 )  obey  (  2.  4)  and 

let  X'  =  {X'j}”_j  be  an  admissable  sequence.  Since  Ix'J  £  |xj  for 

)  =1,2,  ...,n  ,  the  assumption  |w^|  <  l/g^  for  j  £  n  implies  by  (2.4) 


and  (  2.  5)  that 
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1-  lx- I  Iwjl 


1 


1-  Uj  I  |wj  I  ” 


Also  |w  I  =1  <  1/g  .  By  a  finite  Induction,  |w-|  <  1/g^  and  the 
n  —  n  0—0 

continued  fraction  (2.3)  is  in  B  . 

The  non -terminating  case  is  an  immediate  consequence  of  the 
previous  results  and  the  definition  of  the  class  B  . 

The  sufficiency  parts  of  Theorem  2. 1  follow  also  from  a  result 
of  Scott  and  Wall  [10;  15,  p.  45].  Because  of  the  simplicity  of  the  proof, 
it  was  included  here. 

The  condition  that  the  continued  fraction  (  2. 1)  be  in  the  class  B 
Implies  that  ( 2.  2)  is  in  the  disk 


(2.6) 


w  - 


go(2-go)  - 


Indeed,  by  (2.5)  and  Theorem  2.1 


l^-ll  <  Ix'jl  Iwjl 


which  is  equivalent  to 
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1-g 


j-1 


j  =  1|  2|  • 


Theorem  2. 1  and  the  classical  convergence  criterion  of  Pringsheim 
[9;  15,  p.  45]  establish  the  convergence  of  a  continued  fraction  (2. 1)  in  the 
class  B .  A  stronger  result  in  this  direction  is  the  following  one  due  to  Lane 
and  Wall  [  4] . 

THEOREM  2.2  .  The  continued  fraction  (2.1)  Is  in  B  If  and  only 
if  the  continued  fraction 

,  \\  k'  k' 

112  n 

1  +  1  +  1  +  “'  +  1  +  '" 


converges  whenever  I  X'^l  <  l^j^l  >  n  =  1,  2,  ...  .  In  this  case  the  convergence 
is  always  absolute  convergence. 

It  is  useful  for  some  of  the  applications  to  have  properties  of  a  class 
of  continued  fractions  which  is  allied  to  the  class  B  .  In  order  to  define  this 

class,  let  X  =  {.x  )  be  a  sequence  of  complex  numbers  such  that  X  =0 
’  n  n=l  n  I- 

Implies  X  =0  for  p  =  1,  2,  ...  .  Then  the  continued  fraction 
n  +  p  ’ 


(2.7) 


X,  X,  X 

12  n 

1  +  1  +  •••  +  1  +  ••• 


is  said  to  be  in  the  class  P  when  for  n  =  1,  2,  ... 


X  •  X  • 
^1  ^2 


X' 

n 


the  values  of 
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are  in  the  closed  right -half  plane  Rew  >  0  whenever  Ix'^l  <  for 

j  =  1,  2,  ...  .  The  relation  of  P  to  the  class  B  is  deduced  from  the  following 
result. 

LEMMA  2.  2  .  Let  A  >  0  .  For  all  \  in  the  disk  I  \  I  £  A  , 

Reu  >  0  ,  where  u=l-\v,  if  and  only  if  |v|  <  1/A  .  In  this  case 
lu  -ll  <  1  . 

The  proof  is  similar  to  that  of  Lemma  2. 1  and  is  omitted. 

In  conjunction  with  the  definition  of  the  class  B,  this  shows  that 
(  2.  6)  is  in  P  if  and  only  if  the  continued  fraction 

I  ^2  ^3  ^n 

1  +  1  +  1  +  "•  +  1  +  ••' 

is  in  B  with  an  R^l  such  that  |xj  <  1/R  .  This  and  Theorem  1.1  prove 
THEOREM  2.  3  .  A  continued  fraction 

Xf  X^  X^ 

1  +  —  +  —  —  +  T  »  ^  0  »  J  =  1,  2,  ... ,  n  , 

is  in  the  class  P  if  and  only  if  there  exist  numbers  such  that 

0  <  g^  <  1 ,  j  =  1,  2,  ... ,  n-1,  0  <  £  1 »  and 


n  • 


(2.8) 


|Xil£gj,  Ujl  £  gj(l-gj_j),  j=2,3,  ..., 
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The  non-terminating  continued  fraction  (  L.  6)  is  in  P  if  and  only  if  there 

■1 

exist  numbers  such  that  0  <  <  1  and  (Z.  7)  holds  for  all 

positive  integers  n  . 

It  is  evident  from  Theorem  2.2  and  Theorem  2,3  that  (2.6)  is 
absolutely  convergent  when  it  is  in  the  class  P. 
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3.  Chain  sequences  and  unlvalence .  From  results  of  Leighton 

and  Scott  [5]  there  is  a  unique,  one-to-one  correspondence  between  formal 
00  n 

power  series  z  -i-  Z  .c  z  and  C-fractions 
n=z  n 

a  z 

(3.1)  F(z)  =Y  _ 

where  a  is  a  positive  Integer  and  a  .  =0  whenever  a  =0  for 

n  p  +  n  p 

n  =  1,  2,  ...  .  It  is  convenient  to  take  a  .  =1  for  n  =  0, 1,  2,  ... 

when  3^  =  0.  For  a  fixed  C-fractlon  (3.1),  let  Kj,  denote  the  class 

of  formal  power  series  which  correspond  to  continued  fractions  of  the  form 


a^z 


a  z 

n 


(3.2) 


z 

1 


a 


a  z 
n 


I 


where  |a^|  <  |a^|  ,  n  =  1,  2,  ...  .  By  Theorem  2.  2,  a  necessary  and 

sufficient  condition  for  every  f(z)  c  to  be  analytic  in  |z|  <1  is 
that  the  continued  fraction  F(l)  ,  obtained  from  (  3. 1)  ,  be  in  the  class 
B.  In  general  the  radius  of  univalence  of  Kp  is  not  one.  However,  we 
have  the  following  result  in  this  direction. 
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THEOREM  3.1  .  Each  £(z)  t  is  analytic  and  univalent  In 
z  I  <  1  ^  ^  ^  ^  1  ^  chain  sequence  with  maximal  parameters 


M 


^ ,  j  =  0, 1,  2,  ,  where  Mq#  0  and,  In  case  (  3. 1)  terminates  with 

th 

n’^  partial  quotient,  +  p  ”  ^  ^  =  0>  2,  ...  ,  and 


(3.3) 


00  2j-l  1-M  ,  00  2j  1  -  M  , 

A  =  s  I  u  -  V,  I  n  —  +  s  I  u  -  V  I  n  —  < 

3=1  ^  ^  p=l  "^p  3=1  ^  P=1  ■ 


1  , 


where 


(3.4)  u  =  S  a  , 
p=l 


i-1 

''j  =  “2p’  “O  =*•  '  - 

^  p=0  ^ 


Furthermore,  if  v,  <  u,  <  v.  ,  for  j  =  1,  2,  ...  ,  there  is  a  function 
- 2 -  3  -  3  -  3+1  —  - 

^  Kp  which  Is  not  univalent  in  |  z  |  <  R  for  any  R  >  1  . 


Proof.  Let  f(z)  c  Kp  correspond  to  the  C-fraction  (3.2)  and  let 


«.  a.  , 

J  a'  7 
o.z  a  .z 

Vi'">  “f  -  V  -  - 


...  ,  i  =  1,  2, 
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th 

Since  {la^l}  is  a  chain  sequence  with  0  maximal  parameter  ^  0 

and  since  |  aj  z  ^  I  <  1  I  for  J  =  1,  2,  ...  and  I  z  |  <  1  ,  it  follows 
from  Theorems  2. 1  and  2.  2  that  f(z)  =  fQ(  z)  and  each  of  the  functions 
r  ^(z)  for  j  =2,3,  ...  are  analytic  in  lz|  <  1  .  From  the  results  of 
Section  2 ,  moreover. 


(3.5) 


I  <  -1- 

z  -  M.  , 
J-1 


j  =  1,  2,  ...  ,  |z|  <  1 


From  (3.4),  v  <  v  ,  for  each  j  so  that  u.  -  v  #  0  or 
J  J  +  i  11 

-  u^  #  0  .  Thus  the  hypothesis  (3.  3)  implies  there  is  a  sequence 

n 

of  positive  integers  such  that  n  (1  -  m  ,  )/M  tends  to  zero  as  n 

tends  to  <»  through  this  sequence.  For  brevity  only  the  case  where  this 
sequence  contains  an  infinitude  of  even  integers  is  treated.  The 

other  case  is  similar. 

For  any  two  non  zero  points,  z^  and  z^  ,  in  |z|  <1,  and  each 
positive  integer  m,  it  is  found  from  (3.5)  that 


(3.7) 


m  u  V  V  u  2j-l 
1=1  P=1 


m 

-  S  (z 

j=l 


V 

1 


j  + 1 


‘  ^  p=i  "  Vi 


^2m  +  l 
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where  and  are  defined  by  {i.4)  and 


u  .-1  V 
m+1  m+1 


V  u 
m+1  m+1 


^2  ^2  - 


2m+l  2-'p^^  p 


Since  for  any  pair  of  positive  integers  s  and  t ,  |  1  <  I  s  - 1 1  |  z  -  z  | 

when  lz^l  <  1,  it  follows  from  (3.6),  (3.7)  and  the  hypothesis 

I  aj  I  <  (1  -  -  1)  ,  j  =  1,  2,  ... ,  that  for  z^  #  z^ 


m  2j-l  1-M  , 

1 1  <  £  lu  -V  I  n  -£'* 

-i=i  >  >  P=i  “p 


m 


2j  1-M 


P-1 


M 


+  IR 


2m +  1  ’ 


and  by  (3.8) 


2m  1  -  M  , 
I  <  2  n  - 


2m  +  r  -  ,  M 

p=l  p 


Let  m  =  mj^  so  that  the  right-hand  side  of  the  last  inequality  tends  to  zero 
as  mj^ -♦  00 .  By  (3.3),  therefore. 
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(3.9) 


^1^2 

1  — 

"r"2 


<  A  <  1  . 


The  maximum  modulus  principle  when  applied  to  the  limit  of  the  expression 
(  3.  7)  as  m  =  mj^  -»  00  ,  where  is  treated  as  an  independent  variable, 

shows  that  strict  inequality  holds  in  (3.9)  when  |zj  <  1,  Iz^l  <  1. 

In  particular,  fQ(z^)  ^  ^1  ^  ^2  |zl  <  1.  This  proves 

the  first  part  of  the  theorem. 

Let  m  =  mj^  -*  00  in  (  3.  7)  and  then  divide  by  .  If 

z^ -•  z^  =  z  for  lzj  £1,  Iz^l  <1,  we  obtain 


z^f[j(z) 


00  U  +V  -1 

Zfu-vjz^  ^ 
j=l  ^  ^ 


2j-l 

n 

P=1 


a'  [ 


fp(z) 


2 


j=l 


2j 

n 

p=i 


a'  [^] 

p  '■  z  ■' 


Suppose  now  that 


V  <  u  <  V 

j  -  j  -  j+1 


for  j  =  1,  2,  ...  and  that 
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(3.  11) 


=T  - 


lajz 


la^lz 


laniz 


which  is  clearly  in  Kp  .  From  the  definition  of  a  maximal  parameter  sequence 
of  a  chain  sequence  [15,  p.  81],  the  functions  (3,  5)forthis  C-fraction 
satisfy 


(1) 


I 

1 


1 


3  =  1,  2,  ... 


Since 


M.{l-M^_^),  j  =1,2,  ... 


(3.3)  and  (3.10)  show  that 


[yii]" 


=  1  -  A 


for  the  function  fg(z)  of  (3.  11)  .  Therefore  if  A  =  1, 

univalent  in  any  disk  |  z  |  <  R  for  R  >  1  .  This  completes  the  proof. 

This  theorem  extends  results  of  Thale  [13],  Perron  [8],  Scott 
and  Merkes  [7].  For  results  equivalent  to  those  previously  obtained, 
put  =  a  and  =  g  ,  0  <  g  <  1,  for  j  =  1,  2,  ...  in  Theorem  3. 1  . 


If  a  formal  power  series  F(z)  corresponds  to  a  J-fraction,  it  is 
often  possible  to  obtain  a  larger  set  of  univalence  of  F(z)  than  that  of 
Theorem  3.1.  A  result  of  this  kind  is  given  by  the  next  theorem.  For 


-16- 


f/578 


simplicity,  the  theorem  is  stated  in  terms  of  the  reciprocal  variable 
4  =  1/z  . 


THEOREM  3.  2  .  Let  and  (3^  >  0  be  complex  numbers  for 

n  =  1,  2,  ...  .  Let  D  be  the  set  of  all  C  such  that  1  C  -  b  |  >  S  for 
-  -  -  n  n  — 

all  positive  integers  n  .  The  J-fraction 


(3.12) 


represents  an  analytic  univalent  function  in  D  provided 


{la  1^/p 

n  n  n+1  n-1 


is  a  chain  sequence  with  maximal  parameter  sequence 


00 


n=0  ’  “o  ■ 


such  that 


=0  P,  n  1  -  M  , 

^  r  ^  ‘  ■ 

n=l  n  p=l  p 


The  proof  is  similar  to  that  of  Theorem  3. 1  and  is,  therefore, 
omitted. 

In  particular,  when  la^l  <  N/3  ,  >  0  >  n  =  1,  2,  ...  , 

then  (  3. 12)  is  analytic  and  univalent  in  the  common  part  of  the  regions 
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1^-b^l  >  '/z  N/2  .  This  statement  includes  Thale's  results  on  the  J-fraction 

[6,  13].  Indeed,  if  |b^l  <  M/3,  n  --  1,  2 .  then  the  domain  of  univalence 

(  3. 12)  is  I  >  (  3V2  N  +  2M)  /6  .  Moreover,  if  Im  £  0  ,  n  =  1,  2,  ...  . 

which  is  the  case  whenever  (3.12)  is  positive  definite,  then  Im  ^  N/2 

is  a  domain  of  univalence  of  (  3.12).  Each  of  these  can  be  shown  to  be  sharp. 
For,  by  a  suitable  choice  of  the  real  number  a ,  the  function 

_ 2 _  _1_  H^/9 

2(C-a|-v/(J-a)^4N^/9  “  "  ■" 

whose  derivative  vanishes  at  ^  =  a  +  nTz  Ni/  2  ,  is  not  univalent  in  a 
given  open  region  which  properly  contains  one  of  these  domains  of  univalence. 
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4.  Starlikeness  and  chain  sequences.  A  lower  bound  for  the  radius 
of  starlikeness  of  the  class  K^,  associated  with  the  C-fraction  (3.1),  is 
given  by  the  following  theorem. 


THEOREM  4.1.  Each 


starlikO  in  '  <  I  provided 


,  CO 


maximal  parameters  > 


f(z)  t  Kp  is  analytic,  univalent,  and 
{  1  a  J  }  j  is  a  chain  sequence  with 
where  9^  o  ,  and 


(4.  1)  A  <  2  -  Mq)  , 

where  A  is  defined  in  (3.3). 

Proof.  Let  f(z)  <  correspond  to  the  C-fraction  (  3.  2) .  By 
(3.9),  where  =  z  , 


zf*(  z) 
f(  z) 


f(z) 


<  A 


z  I  <  1  . 


This  implies  Re{zf'(z)/f(z)}  >  0  for  |zl<l,  which  is  a  well-known 
characterization  of  starlikeness  for  normalized  univalent  functions  in  the  unit 
disk,  provided 


#378 
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(4.2) 


COS  0  >  A,  0  -  arg(f(z)/z)  . 


Since  by  (  2.  6) 


f{z) 


1  -  M, 


Mo(2-Mo) 


-  Mq(2-Mq) 


<  1 


it  follows  that 


cos  6  <  n/Mq(2-  Mq)  , 

which  in  conjunction  with  (4.  2)  proves  the  sufficiency  of  (4.  1)  for 
starlikeness. 

In  particular,  when  M  =  M„  ,  a  =  1  ,  n  -  1,  2,  ...  ,  M.  >  .  60 
’  n  0  n  0 

which  improves  the  lower  bound  for  of  (  3  -  V3)/2  previously  obtained 

[7].  It  is  conjectured  by  the  authors  that  >  2  -  \/T,  the  lower  bound  of 

Mq  for  univalence  in  this  case. 
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5.  Some  lemmas  from  the  problem  of  moments.  Before  a  second 
application  of  chain  sequences  to  univalence  is  discussed,  it  is  helpful 
to  have  at  hand  some  elementary  consequences  of  the  Stieltjes  and  the 
Hausdorff  moment  problems.  For  this  purpose,  let  be  a  sequence 

of  positive  numbers  and  let  F(z)  denote  the  formal  power  series  which 
corresponds  to  the  S-fraction 

,  k.z  k_z  k  z 

(5  11  —  ^  ^  _2_ 

'  1  +  1  +  1  +  •  +  1  +  •"  ' 

From  results  of  Stieltjes,  there  exists  a  bounded  non -decreasing  function 

a(t)  on  0  <  t  <  00  such  that 

(5.2)  F(Z)  ~I(z;a)=  /  . 

The  function  I(  z;  a)  is  analytic  for  z  in  the  complex  plane  cut  along  the 
negative  real  axis  [17,  p.  328]. 

r  1 

LEMMA  3. 1  .  Let  the  sequence  (k  r)  ,  be  a  chain  sequence  if 
— — — — — — n  n  =1  ' 

and  only  if  0  <  r  <  1  .  Then  the  formal  power  series  F(  z)  corresponding 
^  (5.1)  converges  in  the  disk  |z|  <  1  and  represents  a  function  which  is 
analytic  in  the  complex  plane  cut  from  -oo  to  -1  along  the  negative  real  axis 


and  which  has  a  singularity  at  z  =  -1 
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Proof.  Since  {k  }  is  a  chain  sequence,  the  S-fraction  ( 5. 1) 

■  n 

converges  and  represents  an  analytic  function  in  the  z-plane  cut  from 
-00  to  -1  along  the  negative  real  axis  [15,  p.  46].  Hence  the  power  series 
F(z)  is  convergent  for  |z|  <  1  and  there  is  a  bounded  non- decreasing 
function  a{t)  on  0  <  t  <  1  such  that 


F(z)  =  / 
0 


dQf(t) 
1  +  zt 


[15,  p.  263] .  Suppose  now  a(t)  has  no  point  of  increase  at  t  =  1  , 
i.  e. ,  there  is  an  «  ,  0  <  c  <  1,  such  that  a(t)  is  constant  on 

1  -  <  <  t  <  1  .  This  implies 


l-« 

F(z)  / 


0 


da(t) 
1+  zt 


I  +  i  +  i  +  ■*'  ’ 


where  ^  =  (l-«  )z  .  Results  on  the  Hausdorff  moment  problem  [15,  p.  263] 

r  .00 

and  the  last  integral  representation  now  imply  that  1 "  *  )  ■'^-1  ^ 

r 

chain  sequence.  This  is  contrary  to  the  hypothesis  that  \k  r)  ,  is  not 

n  n=l 

a  chain  sequence  for  r  >  1  .  Hence  Q'(t)  has  a  point  of  increase  at  t  =  1. 
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Define 

P(s)  =  /  ,  0  <  s  <  oo  . 

l/(l  +  s) 

Clearly  p(s)  Is  non-decreasing  and,  since  |3(0)  =  0, 
p(s)  >a(l)  >0  ,  s>0  . 


This  function  has  a  point  of  increase  at  s  =  0 .  Since 


r°°dP(s)  _  da(t) 
^  s  +  l  +  z“J  1  +  zt 


=  F(z)  , 


it  follows  from  well-known  results  on  Stieltjes  transforms  [17,  p.  337]  that 
F(z)  has  a  singularity  at  z  =  -1  . 

LEMMA  3.  2  .  Suppose  that  for  each  r  >  0,  the  sequence 
is  not  a  chain  sequence.  Then  the  power  series  F(z)  corresponding  to 
(  5. 1)  diverges  in  each  neighborhood  of  zero. 

Proof.  Suppose  that  the  series 


F(z) 


•«.  /  uti  n 
=  2  (-1)  a  z 
_  «  n 


oo 


da(t) 
1  +  zt 


9 
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where 

00 

a  =  /  t"da'(t)  ,  n  ---  0, 1,  2,  ...  , 


is  convergent  for  lz|  <  R,  R  >  0.  Then  r" -•  0  as  n-*».  Suppose 
ait)  has  a  point  of  increase  at  Then  for  T  >  1/R  , 

00 

/  (Rt)”do(t)  >  (  RT)'^  -  a(T)  J  >  0  . 

T 

Thus  a  R*^  -►  00  as  n  -►  oo .  This  contradiction  shows  there  is  a  T  >  0 
n 

such  that  a;(t)  is  constant  for  T<t  <  co  ,  Therefore, 


^  da(t)  _  da(t) 
^  1  +  zt  “  1  +  zt 


1 

/ 


0 


da(Ts) 
1  +  Cs 


j  kj^/T  k^;/T 

r  +  ~i  +  “1  + 


where  ^  =  Tz.  From  results  on  the  Hausdorff  moment  problem,  the  latter 

implies  {.k  /T)  ,  is  a  chain  sequence,  which  is  contrary  to  the  hypothesis, 

n  n=l 

Hence  the  series  F(z)  is  divergent  for  z  ^  0  . 

til 

If  (5.1)  terminates  with  n —  partial  quotient,  then  this  continued 
fraction  represents  a  rational  function  whose  poles  are  negative  real,  simple, 
and  have  pxjsitive  residue.  Therefore  it  is  found  that  Lemma  3. 1  remains 
valid  when  the  sequence  ik  ]  is  such  tha‘.  k  >  0  for  p=l,  2 . n-1; 
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k  =0  for  p  =  n,  n  +  1 .  Moreover,  for  each  such  sequence, 

P 

tk^rlp  Q  is  a  chain  sequence  for  some  r  >  0.  Hence  the  hypothesis 
of  Lemma  3.  2  is  not  fulfilled  in  this  case. 


#378 


-25- 


6,  The  radii  of  unlvalence  and  of  starllkeness  of  the  class  , 
Let 


00  00 

(6.1)  f(z)  =  2  zf'(z)  =  Znc^z”,  c,  #  0  , 

n=l  n=l  ” 


be  formal  power  series.  From  the  one-to-one  correspondence  between  formal 
power  series  and  C -fraction  [5]  , 


(6.2) 


zf'(z) 

f(z) 


1 


afZ 


a^z 


a  z 
n 


where  {a  }  and  {a  }  are  respectively  sequences  of  positive  integers  and 
n  n 

of  complex  numbers,  and  the  expression  on  the  left  is  the  formal  quotient  of 
the  series  (6.1).  The  continued  fraction  (6.2)  terminates  with  k  —  partial 
quotient  if  a^  #  0  for  J  =  1,  2,  ... ,  k  and  ®  • 

For  a  fixed  series  f(z)  as  in  (6.1),  let  denote  the  class  of 

00 

)i>  n 

formal  power  series  g(z)  =  Zc^z  ,  c^#0,  such  that 

n=l 


(6.3) 


zgMz) 

9(z) 


1  - 


♦  “l 
1 


♦  2 
a  z 
2 

1 


e  •  • 


« 

a 

n 


a 

n 

z 


1 


...  , 
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where  1*^^— n  =  1,  2,  ,  and  the  sequences  {a^}  are 

given  in  the  correspondence  ( 6.  2) .  Let  U(n^)  denote  the  radius  of 
univalence  of  the  class  ,  i.e.,  U(n^)  is  the  supreme  of  the  r  >  0 
for  which  each  member  of  is  an  analytic  univalent  function  in  I z|  <  r. 

It  is  agreed  to  put  U(n^)  =  o  in  case  there  is  a  member  of  which  is 
not  analytic  at  z  =  0 .  The  radius  of  starllkeness  with  respect  to  the  origin 
S(n^)  is  defined  in  a  similar  manner.  Evidently,  U(n^)  >S(n^)  >0. 
Moreover,  if  g  €  then  U(n^)  >11(11^)  and  S(n^)  >8(11^). 

THEOREM  6.1.  For  a  fixed  power  series  f(z)  ^  (6.1),  the 
correspondence  ( 6.  2)  holds.  Let  r^  be  the  supreme  of  the  r  >  0  for 
“n  oo 

which  is  a  chain  sequence.  Then  r^  <8(11^)  <  . 

Moreover,  if  the  sequence  ^  ^  chain  sequence  with  uniquely 

determined  parameters,  then  Sfn^)  =  U(n^)  b  . 

Proof.  First,  it  is  evident  from  results  on  chain  sequences  [15,  p.  86] 

that  is  itself  a  chain  seciuence.  Now  if  r^  =  0,  there  is 

nothing  to  prove.  If  rQ>0,  for  each  g(z)  t  ,  the  C -fraction  expansion 
( 6.  3)  converges  in  the  disk  1  zl  <  r^  by  Theorem  2.  2  .  It  follows  that  the 
power  series  zg'(z)/g(z)  converges  in  this  disk  [5]  and,  hence,  that 
g(z)  is  analytic  in  |z|  <  r^  .  Furthermore,  when  |z|  <  r^  the  continued 
fraction  (6.3)  is  in  the  dlass  P  of  §2  and,  therefore, 
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Ul 


i'o 


Since  g(0)  =0,  g'(0)  #0,  this  Implies  that  g(z)  is  univalent  and 
starlike  with  respect  to  the  origin  [11]  for  |z|  <  r^  .  Thus 

Let  z)  denote  the  formal  series  for  which 


zfo(z) 

TJT) 


la^lz 


a 


Then  f^tz)*  n^.  if  denotes  the  maximal  parameter  sequence 

of  the  chain  sequence  ^  I  ®jjl'^o”^n-l  ’  it  is  known  [15,  p.  81]  that 

Mg  =  rgf'(rg)  /f(rg)  .  Since  Mg  =  0  when  the  parameters  are  uniquely 
determined  [15,  p.  82],  £g(z)  has  a  zero  or  fg(z)  has  a  singularity 
at  z  =  rg  .  In  either  case,  the  function  fg(z)  is  not  analytic  and  univalent 
in  any  disk  |  z  |  <  R  for  R  >  rg  .  This  proves  the  last  statement  of  the 
theorem. 


THEOREM  6.  2 


(6.4) 


zf'(  z) 
f(z) 


Let  f(z)  be  a  power  series  (6.1)  and  let 


or  a 

V  ®2* 


1 


1 


a  z 
n 

•  ••  — ^ 
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where  a  is  a  positive  Integer.  Then  UCn^)  =S(n^)  ar^,  where  r^ 
Is  the  supreme  of  the  r  >  0  such  that  { 1  I  r* }  Is  a  chain  sequence. 
If  £q(s)  Is  a  function  such  that 


(6.5) 


zfjj(z)  |ajz“ 

^  1  - 


la^lz 


lar^lz 


fo(*) 


1 


then  Tq  is  the  smallest  non-negative  zero  or  singularity  of  fJjCz)  . 

Proof.  By  Theorem  6.1,  r^  <  S(n^)  <11(11^).  if  r^  >  0  , 

then  by  Lemma  5. 1  the  ratio  fQ(z)/zfyz)  obtained  from  (6.5)  Is 
analytic  In  |z|  <  and  has  a  singularity  at  z  s  .  Thus  £^(2) 

is  analytic  and  non-zero  In  |z|  <  r^  and  has  a  zero  or  a  singularity 
at  z  s  .  In  any  case  £q(z)  Is  not  analytic  and  univalent  In  |z|  <  R 

for  any  R  >  r^  .  Therefore,  Tq  =  ^(*1^)  =8(11^).  On  the  other  hand.  If 

r^  =  0,  the  function  £q(z)  Is  not  analytic  at  z  =  0  by  Lemma  5.  2  .  Hence 

U(n^)  a  S(n^)  s  0  in  this  case  and  the  proof  is  complete. 

In  some  special  cases  it  is  easy  to  obtain  an  upper  bound  for  the 
radius  of  starllkeness  of  the  function  f(  z)  itself  from  the  expansion  ( 6. 4). 
One  such  result  is  given  by  the  next  theorem. 


THEOREM  6. 3.  Let  f(z)  be  a  series  (6.1)  such  that  (6.4)  holds. 


If  M  3  sup  |a_|  <  (3  -  2's/T)  la, I  ,  then  f(z)  is  not  starlUce  in 

_  n  - 

|z|  <  R  ^  R  >  Rq,  where 

^  3|a,l  -  M  -  *^|a,  -  6|a,|M  + 

s  /  /  \  A  A  4 


Proof.  If  I  z  I  <  Rq  »  I  I  1  MR“  <  1/4  ,  n  =  2,  3,  ...  , 

(6.6) .  Set  g(l-g)  =  Mr"  and 

1  +  -'/l  -  4Mr“ 

(6.7)  I  19= - 2 - ^1^- 


Since  this  implies  the  continued  fraction 

a  a  a 

1  ®3*  ®n* 

"  1  +  1  +1  +  •••  +“T~  + 

is  in  the  class  B  of  §2  for  z  =  R^  ,  it  converges  for  |z|  <  R^  by 
Theorem  1.  2  and  Re  w  >  l/(  2  -  g)  by  ( 2. 6) .  Now  when 


z  3  Rq exp  ( -6/a) ,  where  6  =  arg  a^ , 
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by  (6.4),  (6.6),  and  (6.7).  Consequently,  f(z)  is  not  starlike  in  any 
disk  concentric  to  |z|  <  with  larger  radius. 
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7.  Univalence  of  Bessel  functions.  A  study  of  the  univalence  of 

V 

the  function  F^(z)  =z  where  J^(z)  is  a  Bessel  function  of 

order  v  ,  was  recently  initiated  by  Kreyszig  and  Todd  [3]  for  v  >  -1 
and  by  Brown  [  1,  2]  for  some  complex  values  of  v  .  Wilf  [  18]  has 
simplified  the  proof  of  the  main  result  in  [  3]  and  has  replaced  some  of 
the  inequalities  for  the  radius  of  univalence  of  F^(z)  with  large  v  by 
asymptotic  equalities.  These  results  and  extensions  of  them  are  corollaries 
of  the  theorems  in  the  previous  section  of  this  paper. 

From  the  recurrence  formulas  [  16,  p.  45] 

2l^^l(z)  =  vyz)  -  z  j;^(z) 
it  follows  that  for  v  ^  -1,  -2,  ... 


(7.1) 


zFMz)  iz^/(v  +  l)  iz^/(v  +  l)(v  +  2) 

- 1 -  ~  1  -  -= _  — _ 

F^(z)  '  1  -  1 


1*  V 

where  F^(z)  =z  J^(z).  The  continued  fraction  converges  throughout 
the  z- plane  except  at  the  zeros  of  J^(z)  and,  therefore,  the  correspondence 
symbol  in  (7.1)  can  be  replaced  by  an  equality  [14;  15,  p.  347  ff]. 
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THEOREM  7. 1  .  x  s  Be  v  >  -1  .  The  radius  of  starllkenegs 
l*v 

^  Py(*)  **  is  not  lees  than  the  smallest  positive  zero  of 

z) .  Moreover, 


(7.2)  pj>2|v  +  l|{l - i - } 

1+  2|v  +  2|[1-  l/2|v  +  3l] 

and 

2 

(7.3)  11m  —  =  2  . 

V  CO  I  v| 

Proof.  Since  |v  +  n|>x  +  n>0  for  n  =  1, 2,  ...  ,  F^(z)  lain 

the  class  n  .  In  view  of  the  fact  that  F(z)  Is  an  entire  function,  the 

* 

first  part  of  the  theorem  Is  now  a  consequence  of  Theorem  6. 2  . 

I«t  I  z|  <  r,  where  r^  Is  the  quantity  on  the  right-hand  side  of  the 
Inequality  (7.2).  Put 

2 

0  <  gi  =  — -  =  1 - <  1  •  , 

2|v  +  l|  2|v  +  2|[1  -  l/2lv  +  3|  ]  +1 


9 


n+1 


4| 


2 

r 


V  n|  I V  +  n  l|(l-g  ) 

n 


n  B  1,  2, 


ee*  e 
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Since  I V  +  n  +  l|  >  I V  +  n|  for  n  *  1,  2,  ,  the  assumption  0  <  <  1  , 

0<g  <g  n>2,  implies 

n  —  n-2 

2 

0  <  g  ,  <  - - -  “  \  ^  ^  • 

4|v  +  n-ll|v  +  n-2|{l-g  ) 

n-c 

Now  g^  >  g^  =  |v  +  l|gj/|v  +  2|  and  0<g2=l-l/2|v  +  3|  <1  . 

It  follows  by  induction  that  0  <  <  1  for  n  =  1,  2,  ...  and,  therefore, 

that  the  sequence  r^/2|v  +  ll  ,  r^/  4|  v  +  ll  I  v  +  2|  ,  ...  is  a  chain  sequence. 

Consequently  r  <  r^  ,  where  r^  is  defined  in  Theorem  6.  2  .  Since  >  Tq  » 
( 7.  2)  is  now  proved. 

Finally,  for  |  v  +  2 1  >  ( 3  +  2’s/7)  /  2  , 

1  1  ^  i-z4T 

M  =  sup  -  - - -  5 - r  • 

n^2  4lv  +  nl  1  V  +  n  +  ll  4|v  +  lllv  +  2l  2|v  +  l| 

By  Theorem  6.  3  ,  this  implies 

i - Vi-^-L-.  .1  -■  . 

Iv  +  ll  “  2lv+2l  lv  +  2l  4|v+2l 

( 7.  3)  is  a  consequence  of  this  and  (7.2). 
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For  real  v  >  -1 ,  the  bound  in  ( 7.  2)  appears  to  be  a  good  estimate 
of  .  Indeed,  it  is  easy  to  show  by  the  method  used  in  the  proof  of 
Theorem  6. 3  that  Re  {ZqF|^(Zq)/F^(Zq)}  <  0  when  v  >  -1  and 


Zq  =  2(  V  +  1){1-  2^^  ^  2)  +  1 


Theorem  6.  2  and  ( 7. 1)  can  be  used  to  obtain  information  on 
uni  valence  and  starllkeness  of  F^(z)  when  Re  v  <  -1  .  Moreover,  it 
is  possible  to  obtain  from  the  continued  fraction  of  Gauss  [15,  p.  347] 
analogues  of  the  preceeding  results  for  the  confluent  hypergeometrlc 
functions  jFj(z;  a,  b). 
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